The method heretofore used in deriving formulas for the computing of the alternating-current resistance and inductance of conductors requires the determination of the differential equations of the magnetic field and the solution of these equations imder the conditions imposed by the shape of the conductor. Formulas have been derived for only a limited number of forms.T he method outlined in this paper is one of integration. It requires that the conductor be divided into infinitesimal filaments by surfaces which coincide with the lines of current flow. The magnetic field at any point is the sum of the magnetic fields of all of these filaments. The counter-electromotive force in a filament is determined by the rate at which the magnetic fields of all the other filaments cut this filament.
* The most important of these have been collected by Rosa and Grover, B. S. Bulletin, 8, p. 17a; 191 1;  Scientific Paper No. 169.
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II. OUTLINE OF THE METHOD If small wires are placed side by side and an alternating electromotive force applied to their terminals, the current which flows in any one of the wires will be determined not only by its resistance and inductance, but also by the counteivelectromotive force caused by the magnetic field of the others cutting this wire. If there are only two identical wires, the current will be the same in each.
However, if there are three or more, they may be so arranged that the counter-electromotive force in some is different from that in others, thereby causing the current to be different in different wires.
If the resistance and self-inductance of each wire are known and the mutual inductance between the wires taken in pairs is known, equations in sufficient number can be set up to solve for the ctirrent and the phase of the current in each wire. For example, if there are three conductors whose resistances are r^, r^, and fj, whose self-inductances are Z^, l^, and /g, whose mutual inductances are Wi2,^23* aiid^i 3»^^^w hose instantaneous currents are I\, I\, and 7^3
: where To solve, assume that E' =E cos oit.
/'i=/i cos {(Jit~-<i>^) I' 2=1 2 cos (Cx)t-(f>2) r^=h cos (o)t -</)j).
Substituting these values in the equation, there result three TT equations when w/ = o and three independent ones when oit-=-i making six equations from which to determine the six unknown quantities; viz, the magnitude and phase of the current in each of the three wires.
A solid conductor of infinite length may be considered as made up of an infinite number of filaments, and each of these behaves as though it were an infinitesimal wire carrying a current. The 95 instantaneous cunent in any one filament is determined from the equation E^=r8j\+lo~^br^+ jJM.y |5/V, (i) where E^is the instantaneous electromotive force, r and /o the resistance and self-inductance of the filament, 5 /'x the current in the filament, M^y the mutual inductance between this filament and another filament at Y in which the current is 8 I\. If there are other conductois in the field, the integration must include these also.
Having determined 5 I\, the total current /' through the conductor is the sum of those through the filaments, or
where f/'x is the current density at x and dS an element of the cross section of the conductor.
In equation (i), several of the quantities approach either zero or infinity as the area of the element approaches zero. Hence it is necessary to examine each term of the equation and to retain only those which have a finite value.
In the term r 8 1\, r = -j^and 8 I\ = U\ dS, where a is the resistivity of the material, / the length and dS the area of the filament, and U\ the current density. Hence r 8 I'^^U\ <r/, which shows that this term is a constant and independent of the area of the filament.
The term /« -j. 8 I\ is the counter electromotive force caused by the cutting of the filament by the magnetic field which the current 5 /'x sets up around and in the filament. If the filament becomes infinitesimal, the current, and hence the magnetic field, is infinitesimal, so that in the limit this term becomes zero. filament at X caused by the cutting of this filament by the magnetic field which is set up by the currents in all the other filaments. This is a finite quantity, although M^j becomes infinite when Y approaches X. If analyzed mathematically, it is found that this is a case where the integral of a function which has one infinite point is a finite quantity.
The term | | Mxy -j. 8 1'j is the counter electromotive force in the [Voi. i6 It follows that equation (i) Equation (3) applies only to conductors which are so long that the end effects may be neglected. To apply (3) to a particular case, it is necessary to be able to express M^y as a function of the distance between the filaments, and this can be done only when the permeability of the conductor is unity.
III. ALTERNATING-CURRENT RESISTANCE AND INDUCT-ANCE OF A STRAIGHT CYLINDRICAL CONDUCTOR
Formulas for the alternating-current resistance and inductance of a straight cylindrical conductor of infinite length have been developed by several investigators.^In all cases they have started from the differential equation of the magnetic field.
The method of integration outlined above has been applied to this case to determine whether it will readily give useful results.
After the complete derivation using real power series had been completed, it was found that the work might be much simplified by the use of complex power series. However, the comparison of the two methods is a matter of some interest, so that both are given.
DERIVATION OF FORMULAS USING REAL POWER SERIES
Let Px and Py be any two points in the circular cross section of a conductor of length /, and let Px 0^and py By be the polar coordinates of these points.^^^^F ig. I.
-
The cross section of a cylindrical conductor, showing coordinates * The different formulas and the methods of reducing from one to another are given in the paper by Rosa and Grover akeady referred to.
* curits]
A. C. Resistance and Inductance 97 If d is the distance between P^and Py, d = VPx' + Py' -2PxPy COS (Oj,dj) ; also,^= 2/ (log 2I -1) -I log c^= 2I (log 2/ -1) -/ log [px' +p/ -2p^py cos (e^-dy)] Assume that E^=E cos cot, .'. U\ = t/x cos (cot -<f)x) and Z7'y = Z7y cos {0)t - (^y) Substituting these values and the value for M^y in equation (3) To solve the equation, assume that^x sin^x and Z7x cos <^x (and hence corresponding values of Uy and <^y) can be developed in a power series with undetermined coefficients. By substituting this series in equation (4) the value of the coefficients can be determined.
Since the values of U and 4> are symmetrical around the center, B does not enter into the value of either, hence the assumed power series may be written Z7 cos = ao + bop + CoP^+ dop^+ Cop^+ /oP^+ gop^+ Kp'^+ iop^+ L^sin0=Ao+^oP+Cop'+I^oP'+£:oP^+FoP^+GoP«+//oP'+/oPH Substituting these values in (4), each term is either an integral containing only some power of py or an integral of the type I^, given in the appendix. Making the integrations and putting 2/ (log 2/ -I -log a) = Loo {^^^inductance due to the field outside Scientific Papers of the Bureau of Standards [Voi. 16 the conductor, which is the inductance at infinite frequency;, equation ( The coefficients of like powers of Px may be equated in both (6) and (7) . The equations thus formed are sufficient for the determination of the values oi Ao, Bo, Co . . . andao, Ky Co . • . .
Since both Bo and bo are zero, all coefficients of odd terms of p, are zero. The remaining values are given in Table i TABLE l.^<}oefficients of Powers of p^T aken from Equations (6) and (7) Power of p Coefficient from (6) Coefficient from (7) Px"^r^-'-^i^-^-f-•) Substituting the values of the coefficients obtained from the higher powers of Px in the equations for the coefficients of Px°, the following equations result: In order to simplify these equations, the following substitutions niay be made:
hen equations (8) and (9) become Solving for ao and >lo ''^^Vi n'a'LJV, 7,'a'X, £ 2/ _ 9 r "\ 7"
Since the current, 5 Z^', through the filament at P^is Z7x'PxC^Pxfl^^x, the total current /' through the conductor at any instant is given by the integral In an alternating-current circuit the effective resistance R is determined by the energy loss, or P R=E I cos <f)
. ( 17) Substituting values from (13), (14), and (15) in (16) and (17) E(a.Y,^^w)
Substituting the values of Ao and ao 
Y, = |bei'g (28) Z, =^heiq (29) Substituting these in equations (22) and (23) Therefore, for a circular conductor, the method of integration gives results identical with those obtained by previous investigators.
DERIVATION OF FORMULAS USING COMPLEX POWER SERIES
The derivation of the formulas may be much simplified by the use of complex quantities.
Let
Take out e'" and insert the value of 
Letting Pl^i, Xi, Yi, and Z^represent the same values as before, then substituting from equations (34) and (35) 
Letting -2==-^o^^r l^W^_rMXR =^-^, ,".,^( 40) In like manner
These equations are identical with (22) and (23) showing that the result using complex power series is the same as with real power series. 
INDUCT-
If a return circuit consists of two parallel cylindrical conductors, whose length is great compared to the diameters of the wires and to the distance between them, the method of integration can be applied to the determination of the alternating current resistance and inductance of the circuit.^If the wires have the same diameter, the current distribution in one wire is symmetrical about the line joining the centers of the two wires. If the equation of current distribution is given in polar coordinates, it will be identical for the two wires if the angles are measured from the line joining the centers of the wires. 
-
The cross section of a return circuit, showing coordinates Let P with coordinates p,^b e a point in one conductor at which the current density is to be determined, P^another point in the same conductor, and P2^point in the return conductor whose center is at a distance s from the center of the first conductor.
Let U\ U[, and U^designate the instantaneous current density and Z7, U^, and U2 the maximum current density at P, Pi, and Pj, respectively.
Also let m^represent the mutual inductance between the two filaments at P and Pj, whose distance apart is d^, and mt hat between filaments at P and P2, whose distance apart is d^.
Equation (3) for this case becomes E' = U'cl + jjfn,^" dS,fjm,^' dS,
where dS^and dS2 are elements of area at Pi and Pg. The mutual inductance between two long filaments • is m =2/ (log 2/i) / log d'
Nicholson has published a formula covering this case (Phil. Mag., 18, p. 417; 1909) . However, the author has not found any record of its appUcation to experimental results, and efforts to compute by it indicate that the correction factor, due to the proximity of the conductors, is not only much too small, but has the wrong sign. Substituting values of m^and m^in (42) E' = U'Gl + 2l (log 2/-1) r r^^' dS,-l{ flog^1 '^''^5 i -2/ (log 2/-1) JJ^^'
Since the current in the two conductors is the same, {u\ds,= { {u'.ds,.
So that terms two and four of the second member of (43) cancel.
where q cos a=sp cos 6 and q sin a = p sinŝ o that q^=s^-2s p cos^+pĤ ence equation (43) 
By equating to zero the coefficients of like terms of p and^, many of the undetermined coefficients are easily evaluated. The most important of these are given in Table 3 : Substituting the values from ¥^.
It will be noted that the series are all arranged so that the first term is unity. It can be shown that they are all converging series. Substitute the series given above in (47) But .'. Ie-''^=Tra'a^Ao (49) The alternating-current resistance and inductance of a circuit is given by the formula j^, = R+io:L (50) By substituting (48) and (49) in (50) and equating to zero the coefficients of each power of p, the following equations result: (51) 
Substituting the value of c^in equations (57) and (58) = -7-+ -^-+ 2ir)a^log - [Voi. i6 Let rya^= X then equation (68) 
Separating the preceding series into real and imaginary parts, and representing the real part by the corresponding capital Greek letters, and the imaginary part by the corresponding lower case 
It should be noted that the values of R and L as given in equations (78) and (79) are for one of the conductors of a return circuit. The total resistance and inductance are twice these values. Although equations (78) and (79) give the alternating current resistance and inductance of a retimi circuit at any spacing of the wires, yet the series involved are not convergent for high frequency with large wires very close together.
The following table gives the highest frequency for which the series are convergent when the wires are as close together as possible : 
RESULTS
The alternating current resistance of a return circuit as computed by formula (78) has been compared with the experimental results which were obtained by Kennelly, Laws, and Pierce.^<^This comparison is given in Table 5 . The two values agree within the experimental error, except at 1000 cycles with the wires close together.
While the series are convergent at these values of spacing and frequency, yet it will be necessary to develop a large number of terms to obtain an accurate result. The values given in the table are the ratios of the alternatingcurrent resistance at the indicated frequency and spacing to the direct-current resistance. With large spacings the alternatingcurrent resistance of one wire is not affected by the presence of the other wire.
At 5 cm an appreciable effect is noticeable, while when the wires are very close together the increase in resistance is several times the increase at the larger spacings.
Ii8
Scientific Papers of the Bureau of Standards [Voi. i6 The results given in Tabte 6 are shown graphically in the curves of Fig. 3 , in which the relative increase of resistance with increasing frequency is shown. At the higher frequencies the resistance increases rapidly as the spacing decreases. .01
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The first term of (79) is the inductance of two tubes. Hence this term may be considered as the inductance caused by the magnetic field external to the conductor. The second term, identical with the last term of (23), gives the inductance caused by the field inside a single conductor. Hence the sum of terms one and two gives the inductance of the circuit, assuming that the current distribution is the same as for infinite spacing. The other terms show the effect on the inductance of the change in current distribution caused by the field of the adjacent wire.
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Scientific Papers of the Bureau of Standards [Vol. i6 In Fig. 4 the relative decrease of inductance with increasing frequency is shown. The inductance, Lq, at zero frequency is always greater than the inductance, L, at any other frequency, so that functionj -is in all cases negative. As the spacing is decreased, the relative inductance decreases rapidly. Bromwich, of Cambridge University, England, has suggested methods for simplifying the integration in certain cases.
VI. APPENDIX.-EVALUATION OF INTEGRALS AND DEVEL-OPMENT OF SERIES
In this appendix are given the evaluation of some of the integrals and the expansion of some of the series which are necessary for the development of the formulas of this paper. In each case the nomenclature is that used in the body of the paper. Only those formulas which are not readily found in text-books of mathematics are included.
TO EXPAND LOG q IN A FOURIER SERIES
The quantity q is one side of a triangle of which the other two sides are p and s, having an included angle of 6. Hencê Dividing the integration with respect to p^, in the original integral, into two parts, viz, from to p and from p to a: 7i= \'
Px"^^' dp, j^L log p-2X^{^j cos r (d-dM Washington, March 20, 191 9.
